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Abstract. A celebrated theorem of Kapranov states that the Atiyah class of the tan- 
gent bundle of a complex manifold X makes rx[— 1] into a Lie algebra object in the 
derived category D'^{X). Furthermore, for X Kahler, Kapranov proved that the Dol- 
beault resolution fi— i(T^'°) of Tx[-l] is an Loo algebra. In this paper, we prove that 
Kapranov's theorem holds in much wider generality for vector bundles over Lie pairs. 
Given a Lie pair {L,A), i.e. a Lie algebroid L together with a Lie subalgebroid A, we 
define the Atiyah class as of an A- module E as the obstruction to the existence of 
an A-compatible L-connection on E. We prove that the Atiyah classes OfL/^ and oe 
respectively make L/yl[— 1] and 1] into a Lie algebra and a Lie algebra module in 
the derived category D^{A) of the category A of left W(A)-modules, where U{A) is the 
universal enveloping algebra of A. Moreover, we produce a homotopy Leibniz algebra 
and a homotopy Leibniz module stemming from the Atiyah classes of L/A and E, and 
inducing the aforesaid Lie structures in D'^{A). 
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Introduction 



The Atiyah class of a liolomorphic vector bundle E over a complex manifold X, as initially 
introduced by Atiyah [3j, constitutes the obstruction to the existence of a holomorphic 
connection on said holomorphic vector bundle. It is constructed in the following way. The 
vector bundle of jets (of order 1) of holomorphic sections of E ^ X fits into the 

canonical short exact sequence — >• E ^ ^^E^E^Oof holomorphic vector 

bundles (over the complex manifold X). The Atiyah class of — )■ X is the extension class 
OE e Ex.t]^{E,T^ E) = H\X;T^ (g) End^;) of this short exact sequence |3ll22]. 

In the late 1990's, Rozansky and Witten proposed a construction of a family of new 3- 
dimensional topological quantum field theories, indexed by compact (or asymptotically 
flat) hyper-Kahler manifolds |40] . The Rozansky- Witten procedure does thus associate 
topological invariants of 3-manifolds to each hyper-Kahler manifold. In subsequent work, 
Kapranov |22) and Kontsevich |24j revealed the crucial role played by Atiyah classes in the 
construction of the Rozansky- Witten invariants. They |22| in particular showed that 
the hyper-Kahler restriction is unnecessary and that the theory devised by Rozansky and 
Witten works for all holomorphic symplectic manifolds. In Kapranov's work lies the key 
fact that the Atiyah class of the tangent bundle of a complex manifold X yields a map 
Tx[— 1] (8>Tx[— 1] — Tx[— 1] in the derived category D^{X) of bounded below complexes of 
sheaves of Ox-modules with coherent cohomology, which makes Tx[— 1] into a Lie algebra 
object in D~^{X). Therefore, Kapranov's approach shone light on many similarities between 
the Rozansky- Witten and Chern-Simons theories j3| [5] as shown by Roberts and Willerton 

m- 

Atiyah classes have also enjoyed renewed vigor due to Kontsevich's seminal work on de- 
formation quantization |25| I23| . Kontsevich indicated the existence of deep ties between 
the Todd genus of complex manifolds and the Duflo element in Lie theory |25| l23l Wl\ [TT] . 
This discovery inspired several subsequent works on Hochschild (co)homology and the 
Hochschild-Kostant-Rosenberg isomorphism for complex manifolds, by Dolgushev, Tar- 
markin and Tsygan |17| 116). Caldararu |15) . Markarian |33) . Ramadoss |37) . and Calaque 
and Van den Bergh [12] among many others. In particular, the work of Markarian [33] (see 
also Ramadoss [37J) led to an alternative proof of the Hirzebruch-Riemann-Roch theorem 
and its variations. 

In |35| 136] ■ Molino introduced an Atiyah class for connections "transverse to a foliation", 
which measures the obstruction to their "projectability". Molino class has many applica- 
tions in geometry, for instance, in the study of differential operators on a foliate manifold 
|44) . and of deformation quantization theory [6j. 

This paper is the first in a sequence of works which aims at developing a theory of Atiyah 
classes in a general setting and studying their applications. Our goal is to explore emerging 
connections between derived geometry and classical areas of mathematics such as complex 
geometry, foliation theory, Poisson geometry and Lie theory. The present paper develops a 
framework which encompasses both the original Atiyah class of holomorphic vector bundles 
and the Molino class of real vector bundles foliated over a foliation as special cases. 

Lie algebroids are the starting point of our approach. Indeed, holomorphic vector bundles 
and vector bundles foliated over a foliation may both be seen as instances of the concept of 
module over a Lie algebroid, a straightforward generalization of the well-known represen- 
tations of Lie algebras. Given a Lie algebroid L over a base manifold M, an L-connection 
on a vector bundle E ^ M is a bilinear map AT (8) s i— )• Vxs from r(L) ^(E) to T(E) 
satisfying the usual axioms 'Vfxs = f^xs and 'Vxifs) = p{X)f ■ s + fVxs for any 
/ G C°^{M). If the connection is flat, E is said to be a module over the Lie algebroid L. 
When the base is the one-point space, the L-modules are simply Lie algebra modules in the 
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classical sense. When the base is a complex manifold X, the holomorphic vector bundles 
over a complex manifold X are known to be the modules of the complex Lie algebroid T^'^ 
stemming from the complex manifold X. Molino's foliated bundles are modules over the 
Lie algebroid structure carried by the characteristic distribution of the foliation of their 
base. 

We introduce a general theory of Atiyah classes of vector bundles over Lie algebroid pairs. 
By a Lie algebroid pair {L,A), we mean a Lie algebroid L (over a manifold M) together 
with a Lie subalgebroid A (over the same base M) of L. And by a vector bundle E over the 
Lie algebroid pair (L, A), we mean a vector bundle E (over M), which is a module over the 
Lie subalgebroid A. Given such a Lie algebroid pair (L, A) and ^-module E, we consider 
the jet bundle ^l/j^E (of order 1), whose smooth sections are the L-connections on E 
extending the (infinitesimal) j4-action on in a compatible way. We prove the following 

Theorem (A). The jet bundle ^l/j^E is naturally an A-module. It fits in a short exact 
sequence of A-modules — )• A-^0E — )• ^l/j^E — t- — t- 0. Here A-^ denotes the annihilator 
of A in L. 

We call the extension class as G Ext;^(£',^-^ ^ E) = H^{A,A-^ EndE') of this short 
exact sequence, the Atiyah class of E because, when L = Tx (8> C and A = T^^ for a 
complex manifold X, ^j^jj^E is the space of 1-jets of holomorphic sections of E and aE 
is its (classical) Atiyah class; and, when L is the tangent bundle of a smooth manifold M 
and A is an integrable distribution on M, ue is the Molino class of the vector bundle E 
foliated over A. Geometrically, the Atiyah class can thus be interpreted as the obstruction 
to the existence of a compatible L-connection on E which extends the ^-action with which 
E is endowed. 

It turns out that the Atiyah class introduced in our general context and the classical Atiyah 
class of holomorphic vector bundles enjoy similar rich algebraic properties. 

We denote the (abelian) category of modules over the universal enveloping algebra ti{A) 
of the Lie algebroid A by the symbol A. Every vector bundle over M endowed with an 
A-action — more pecisely its space of smooth sections — is an object of A. The bounded 
below derived category of A will be denoted by D'^{A). 

Given a Lie algebroid pair (L, A), the quotient L/A is naturally an A-module. When L is 
the tangent bundle to a manifold M and A is an integrable distribution on M, the A-action 
on L/A is given by the Bott connection |8j. We consider L/A as a complex concentrated in 
degree 1 and refer to it as L/A[— 1]. We show that the Atiyah class of L/A makes L/A[— 1] 
into a Lie algebra object in the derived category D^[A). Indeed, being an element of 

Ext3i(L/A, A^ ® L/A) ^ ^yi.i\{L/A ® L/A, L/A) ^ 

Hom^+(^)(LM[-l]»LM[-l],LM[-l]), 

the Atiyah class aij^ of the A-module L/A defines a "Lie bracket" on L/A[— 1]. If, more- 
over, E is an A-module, its Atiyah class 

UE G ^x.t\{E,A^ ®E)^Y.^t\{L/A(^E,E)^YiouiD+(A){L/A[-l\®E[-l],E[-l]) 

defines a "representation" on 1] of the "Lie algebra" L/A[— 1]. In summary, we prove 
the following 

Theorem (B). Let (L, A) he a Lie algebroid pair with quotient L/A. Then the Atiyah class 
of L/A makes L/A[— 1] into a Lie algebra object in the derived category D^{A). Moreover, 
if E is an A-module, then E[—l] is a module object over the Lie algebra object L/A[— 1] in 
the derived category D^{A). 
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The above result suggests that, on the cochain level, the Atiyah class should define some 
kind of Lie algebra up to a certain homotopy. But how does one obtain a cocycle rep- 
resenting the Atiyah class? Recall that a Dolbeault representative of the Atiyah class 
of a holomorphic vector bundle E ^ X can be obtained in the following way. Con- 
sidering as a complex Lie algebroid, choose a rJ^'*^-connection V^'*^ on E. Being a 
holomorphic vector bundle, E carries a canonical flat T^'^-coimection d. Adding V^'*^ 
and 9, we obtain a Tx (8) C-connection V on E. The element TZ G r2^'^(Endi?) defined 
by TZ{X^'^]Y^'^)s = Vxo,iVyi,os — Vyi.oVxo.is — V[xo.i,yi.o]S is a Dolbeault 1-cocycle 
whose cohomology class (which is independent of the choice of V^''^) is the Atiyah class 
G End£') = H^{X,Tx (8) End-E). In the more general setting of vector bun- 

dles over Lie algebroid pairs, the Atiyah class can be defined in terms of Lie algebroid 
connections as follows. Assume (L, ^4) is a Lie pair, and E is an A-module. Let V be 
any L-connection on E extending its ^-action. The curvature of V is the bundle map 
i?^ : A^L ^ Ends defined by [h^h) = V i,V - V i^V i, - V[;^,y, for all li,l2 G r(L). 
Since E is an ^-module, its restriction to A^A vanishes. Hence the curvature induces a sec- 
tion £r{A*(g)A-^(g) End E), which is a 1-cocycle for the Lie algebroid A with values in 
the A-module A-^ End E. We prove that the cohomology class a^; G {A; A-^ (8) End E) 
of the 1-cocycle R^ is precisely the Atiyah class of the ^-module E. 

When the ^-module E is the quotient L/A of the Lie algebroid pair {L,A), by choosing 
an L-connection V on L/A extending the ^-action, we get the Atiyah cocycle R^/a ^ 
T{A* (g) (L/A)* End{L/A)), which may be regarded as a bundle map R2 : L/A (g) L/A 
A* L/A. Starting from R2 and a splitting of the short exact sequence of vector bundles 
— 7- ^ — 7- L — ^ L/A —7- 0, a sequence (i?„)^2 of bundle maps 

Rn : ®^L/A Hom(^, L/A) 

can be defined inductively by the relation = Rm for n > 2. Alternatively, R^ can 

be seen as a section of the vector bundle A* (gi ((g"(L/^)*) ®L/A. Then the graded vector 
space -'^(''^"^* ® ^1-^) t)e endowed with a sequence (Afc)^j^ of multibrackets 

\k '■ ^ V'- the unary bracket Ai is chosen to be coboundary operator of exterior 

forms on the Lie algebroid A taking values in the ^-module L/A, while all higher order 
brackets A^, are defined by the relation 

Afc(6 ®hi,--- ,ik®hu) = (-l)l«il+-+l€'=l^i A • • • A ^fc A Ru{hi, • • • , hk), 

where 61, . . . , 5^, G V[L/A) and ^1, • • • , Cfc ^-^'^ arbitrary homogeneous elements of r(A*^*). 

By an A-algebra, we mean a bundle of associative algebras C over M which is an 74-module, 
and on which r(^) acts by derivations. For a commutative yl-algebra C, (A^)^^ extends 
in a natural way to the graded subspace @'^^q r(A"^^* (g L/A (g C). We prove 

Theorem (C). Assume that (L, A) is a Lie pair and C is a commutative A-algehra. When 
endowed with the sequence of multibrackets {Xk)keNj the graded vector space r(A*^* (g 
L/A 1^ C)[— 1] becomes a Leibniz^ algebra — a natural generalization of StashefJ's L^o 
algebras [28j first introduced by Loday j3^ in which the requirement that the multibrackets 
be (skew-) symmetric is dropped. 

If E is an A-module, the graded vector space T(A*A* (g (g C)[— 1] becomes a Leibnizoo 
module over the Leibniz^o algebra T{f\* A* (g L/A (g C)[— 1]. 

As a consequence, 0j>]^ L/A^C) is a graded Lie algebra and 0j>i H^~^{A, E0C) 

a module over it. 

We also identify a simple criterion for detecting when this Leibniz algebra is actually an Lqo 
algebra. This situation happens when X is a Kahler manifold, L = Tx (g C and A = T^^. 
Then we recover the Loo-structure on Q^'*^^(T^'^) discovered by Kapranov |22] . 
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The intrinsic meaning of this homotopic algebraic structure arising from our construction 
of the Atiyah class, and its relation with the Loo-space of Costello |13| 114) will be explored 
somewhere else. 

Note that our definition of the Atiyah class could easily be generalized to complexes of 
A- modules as in [33j. We also refer the interested reader to |12| for the Atiyah class of a 
DG-module over a dDG-algebra. After the first draft of this paper was posted on arXiv, 
Calaque inferred that, for Lie algebra pairs (t), g), i.e. Lie algebroid pairs with the one-point 
space as base manifold, the Atiyah class of the quotient O/g coincides with the class cap- 
turing the obstruction to the "PBW problem" studied earlier by Calaque-Caldararu-Tu |10] 
(see also [18]). Bordemann gave a nice interpretation of the Calaque-Caldararu-Tu class 
as the obstruction to the existence of invariant connections on homogeneous spaces [7]. 
Another very recent development is Calaque's beautiful work [9j on the relation between 
the Atiyah class of the A-module LjA with respect to the Lie pair [L^A) and the relative 
PBW problem previously solved by Caldararu-Calaque-Tu |10| . Calaque also pointed out 
to us that our results should be related to the obstruction to a relative HKR isomorphism 
for closed embeddings of algebraic varieties identified by Arinkin-Caldararu |2j. This cer- 
tainly deserves further investigation. Finally, we would like to mention, in relation to the 
homotopy algebra results of the present paper, Yu's very interesting doctoral thesis on Jjoo~ 
algebroids [45j. Stasheff's work on constrained Poisson algebras [42j is another interesting 
result which could well be related to the present paper. 

Acknowledgments. We would like to express our gratitude to several institutions for 
their hospitality while we were working on this project: Penn State University (Chen), 
Universite Paris 7 (Stienon), Universite du Luxembourg (Chen and Stienon), Institut 
des Hautes Etudes Scientifiques (Xu), and Beijing International Center for Mathemat- 
ical Research (Xu). We would also like to thank Martin Bordemann, Paul Bressler, 
Damien Calaque, Murray Gerstenhaber, Gregory Ginot, Camille Laurent-Gengoux, Dmitry 
Roytenberg, Boris Shoikhet, Jim Stasheff, Izu Vaisman and Alan Weinstein for fruitful dis- 
cussions and useful comments. Special thanks go to Jim Stasheff for carefully reading the 
preliminary version of the manuscript. 

1. Preliminaries: connections, modules. Lie pairs, and matched pairs 

Let M be a smooth manifold, let L — )• M be a Lie algebroid, and let M be a vector 

bundle. The anchor map of L is denoted by p. 

Recall that the Lie algebroid differential d : r(A'L*) — ^ r(A'+^L*) is given by 

n 

(d/x)(xo,--- ,x„) = ^(-l)V(xi)(/i(xo, • • • ,a;„)) 

i=0 

~l~ ^ ^ ( 1) "'/^([Xj, Xj] , Xq, ■ ■ ■ )Xj,-- - ,Xj,--- ,Xn). 

i<j 

The traditional description of a (linear) L-connection on E is in terms of a covariant 
derivative 

r(L) X r(^) ^ T{E) ■ (x, e) ^ V^e 
characterized by the following two properties: 

V,(/e) = p(x)/-e + /-V,e, 
for all X E r(L), e G T{E), and / G C°°(M). 
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Here, we give three equivalent descriptions of (linear) L-connections on E: covariant dif- 
ferential, horizontal lifting, and horizontal distribution. 

Definition 1. A (linear) L-connection on E is a map T{E) — > r{L*iSiE), called covariant 
differential, satisfying the Leibniz rule 

d^{fe)=p*idf)0e + f-d^e, 

for all f e C~(M) and e G r{E). 



£7 

The covariant differential T{E) — > r(L* (g) E) extends uniquely to a degree 1 operator 

r(A'L* ®E)^ r(A'+^L* ® E) 

satisfying the Leibniz rule 

® e) = d/? ® e + (-1)^^ ® d^e, 
for all P e r(A^L*) and eer{E). 

Definition 2. A (linear) L-connection on E is a map L Xm E \ Te, called horizontal 
lifting, such that the diagram 



Lxm E 




commutes and its faces 



L Xm E 



Y 

E 



id 



Te 



E 



and 



L Xm E 



I 
L 



Te 



Tm 



are vector bundle maps. 



Definition 3. A vector field X on E is said to be projectable onto M i/7r(ei) = 7r(e2) 

implies 7r*(Xe^) = ir^..{Xe2)- By Xt^{E), we denote the space of vector fields X on E which 



are projectable onto M and whose flow : E ^ E is a vector bundle automorphism over 
the flow : M ^ M of the projected vector field n^X on M. The space Xt^{E) is 

obviously a module over the ring C°°(M). A (linear) L-connection on E is a morphism of 

C°° (M) -modules r(L) — > Xt^{E), called horizontal distribution, such that the diagram 



r(L) 



H 



X^{E) 





X{M) 



commutes. 
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Covariant differential, covariant derivative, liorizontal lift, and horizontal distribution are 
related to one another by the identities 

Vie = {(fe,l); 
H{l)\e^ = h{lx,ex), 

which hold for all x G M, I G r(L), and e G r(£'). Here in the second equation, Tg^ 
denotes the canonical isomorphism between the fiber Ex and its tangent space at the point 
ex- This second equation can be rewritten as 

h{lx,ex)fu = {'^l^J^,ex), (1) 
where fi, denotes the fiberwise linear function on E determined by G r(£^*). 
The following assertions are equivalent: 

H{[hM) = [H{li).H{h)]. 

When they are satisfied for all /i, I2 G r(L), the connection is said to be flat. An L-module 
is a vector bundle E ^ M endowed with a flat (linear) L-connection. A flat (linear) L- 
connection will also be called an L-action or L-representation. When the L-connection on 
Eis flat, {d^f = Oand {T{^• L® E),(f) is a CO chain complex, whose cohomology groups 
H'{L; E) are the so-called Lie algebroid cohomology groups of L with values in E. 

By a Lie pair (L, A), we mean a Lie algebroid L over a manifold M and a subalgebroid A 
of L. 

Proposition 4. The quotient L/A of a Lie pair {L^A) is an A-module; the action of A 
on L/A is defined by 

Va(g(/)) = q{[a, I]), Va G r(^), / G r(L), 

where q denotes the projection L — )• L/A. Being dual to L/A, the annihilator A-^ of A in 
L* is also an A-module. 

Assume now that A and B are two Lie subalgebroids of a Lie algebroid L such that L and 
A(B B are isomorphic as vector bundles. Then L/A = B is naturally an A-module while 
L/B = A is naturally a module. The Lie algebroids A and B are said to form a matched 
pair. 

Definition 5 ([3H |3^ 132)). Two (real or complex) Lie algebroids A and B over the same 
base manifold M and with respective anchors pA and pB are said to form a matched pair 
if there exists an action V of A on B and an action A of B on A such that the identities 

[p^{X),Pb{Y)] = -p^{AyX)+Ps{VxY), 

Vx[Yi,Y2\ = [VxYi,Y2\ + [Yi,VxY2\ + Va^^x^I - Va,.^x12, 

Ay[Xi,X2] = [AyXi,X2] + [Xi , AyXa] + Ay^^^yXi - Av;,^yX2, 

hold for all Xi,X2,X G T{A) and Yi,Y2,Y G T{B). 

Proposition 6 (|34l I32j). Given a matched pair {A,B) of Lie algebroids, there is a Lie 
algebroid structure AlxJ B on the direct sum vector bundle A(B B, with anchor 

X ®Y ^ Pa{X) + pb{Y) 

and bracket 

[Xi ®Yi,X2® Y2] = ([Xi, X2] + Ay,X2 - Ay.Xi) ([Yi, ^2] + ^ x,Y2 - V X,Yi) . 
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Conversely, if A® B has a Lie algehroid structure for which A © and © S are Lie 
suhalgehroids, then the representations V and A defined by 

[X © 0, © y] = -AyX © VxY 

endow the couple {A, B) with a structure of matched pair. 

Example 7. A Lie algebra is a Lie algebroid whose base manifold is the one-point space. 
If the direct sum © g* of a vector space q and its dual q* is endowed with a Lie algebra 
structure such that the direct summands g and g* are Lie subalgebras and 

[X, a] = ad*x a — ad* X, MX G g, a G g*, 

the pair (g, g*) is said to be a Lie bialgebra. Lie bialgebras are instances of matched pairs 
of Lie algebroids. 

Example 8. Let X be a complex manifold. Then (T^'^,T^''^) is a matched pair, where 
the actions are given by 

VxciXi'O = pri'0[XO'i,Xi'0] and Axi.oX^'^ = pr^'i [X^'O, X^'i], 

for all G r(r^'^) and X'^'° £ r(rj^'°). Hence T^/ M T]f and Tx C are isomorphic 
as complex Lie algebroids. More generally, given a holomorphic Lie algebroid A, the pair 
is a matched pair of Lie algebroids and A^'^ CO A^'^ is isomorphic, as a complex 
Lie algebroid, to j4 © C. 

Example 9. Let D be an integrable distribution on a smooth manifold M. Then D is 
a Lie subalgebroid ofTx, and the normal bundle Tx/D is canonically a D-module. The 
D-action on Tx/D is usually called Bott connection [8\. Moreover, if Ti and Ti are two 
transversal foliations on a smooth manifold M, the corresponding tangent distributions 
Tjr^ and Tjr^ constitute a matched pair of Lie algebroids with Tjr^ 00 Tjr^ = Tx. 

Example 10. Let G be a Poisson Lie group and let (P, vr) be a Poisson G-space, i.e. a 
Poisson manifold together with a G-action defined by a Poisson map GxP ^ P. According 
to Lu [31j, A = {T*P)tj and B = P y\ q form a matched pair of Lie algebroids. 

Remark 11. A matched pair of Lie algebroids L = A Xi B can be seen as a Lie pair (L, A) 
together with a splitting j : B ^ L of the short exact sequence 0— t-L— 7-5— )-0, 
whose image j{B) happens to be a Lie subalgebroid of L. 

2. Atiyah classes 

2.1. Prelude: holomorphic connections. The Atiyah class of a holomorphic vector 
bundle E over a complex manifold X is the obstruction class to the existence of a holo- 
morphic (linear) connection. It is constructed in the following way. The vector bundle 
of jets (of order 1) of holomorphic sections oi E ^ X fits into the canonical short 
exact sequence of holomorphic vector bundles 

^^T*x®E^ ^^E^E^O 

over the complex manifold X. The Atiyah class of — t- X is the extension class 

aE£ Ext^(S,r^©^) 

of this short exact sequence |3j [22] . 

There are canonical isomorphisms between the abelian groups Ext x{E,T^ © E) and 
iiom.£)b(^X)i'^x ® E,E[1]), the sheaf cohomology group H^{X,Tx © EndE) and the Dol- 
beault cohomology group H^'^{X,Fjnd E). A Dolbeault representative of the Atiyah class 
can be obtained in the following way. Considering Tx as a complex Lie algebroid, choose 
a T^''^-connection V^'*^ on E. Being a holomorphic vector bundle, E carries a canonical 
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flat r^'''^-connection d. Adding V^'° and d, we obtain a Tx ® C-connection V on E. The 
element 7^ G 0^'^(End£;) defined by 

7^(X°'^; y^'°)s = Vxo.i Vyi.os - Vyi,oVxo,is - V[xo,i,yi,o]S (2) 

is a Dolbeault 1-cocycle whose cohomology class (which is independent of the choice of 
V^'°) is the Atiyah class e End^;). 

2.2. Existence of ^-compatible L-connections. 

2.2.1. Extension of an A-action to a compatible L-connection. Throughout this section, 
(L, A) is a Lie pair and E is an 74-module. The symbols and will denote the sheaves 
on M defined by 

S{U) = {e G r(C/; E) s.t. V„e = 0, Va G r(C/; ^)} , 

and 

^(U) = {/ G r(i7;L) s.t. [a,Z] G r(i7; A),Va G r(i7; A)} , 
where U denotes an arbitrary open subset of M. 

Lemma 12. Given an A-module E, there always exists an L-connection on E extending 
the given A- connection. Moreover, ifV^ andV"^ are two such extensions, then d^ —dF G 
r(^-'- (g) End£J), where A-^ denotes the annihilator of A in L* . 

Proof. Choose a subbundle B of L such that L = A (B B and a TM-connection SJ^'^m) gn 
E — this is always possible. Then extend ^-connection V^"^-* to an L-connection V^^^ on 
E by setting 

^ a+h~ ^ a ^ ^ p{b) ' 

where p denotes the anchor map L Tm- The difference Z >->■ V| — of two such 
extensions and is a bundle map L End£^, which vanishes on A. □ 

Definition 13. An L-connection V on E is said to he A-compatible if (1) it extends the 
given A-action on E and (2) it satisfies 

VaVi - ViVa = V[a,i], Va G r(^), I G T{L). 

Proposition 14. Let V be an L-connection on E extending its A-action. Provided that the 
sheaf of smooth sections of E is isomorphic to C^<E>r<^ and the sheaf of smooth sections of 
L is isomorphic to C^®]R.if, the L-connection V is A-compatible if and only ifV^S' C S". 

Proof For any a G T{U; A), I G ^(U) and e G ^(U), we have [a,l] G T{U-A), VaC = 0, 
and V[a^el = so that, if V is yl-compatible, we obtain 

VaV;e = VaV/e - V^Vae - V[a,i]e = 0. 

Hence V/e G (^{U) and this proves that V^^^f C S'. Conversely, if V ^^S" C S", then 

(VaV/.z -Vf.lVa - ^[aj-l]){9 ' e) = f 9 ■ VaVie = 0, 

for all a G r{U;A), f,g e C^, I e ^{U) and e G S{U). Since T{U\E) = 0m <f, it 
follows that V is ^-compatible. □ 

Remark 15. Given a matched pair of Lie algebroids (A, B) and an A-module E, consider 
the Lie algebroid L = A \Xi B. An A-compatible L-connection on E determines a B- 
connection on E satisfying 

VaVbC - VbVaC = V[„,6]e, Va G r{A),b G T{B),e G T{E). 
The converse is also true. 
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2.2.2. Atiyah class: obstruction to compatibility. Assume {L,A) is a Lie pair, E is an 
A-module, and V is an L-connection on E extending its yl-action. 

The curvature of V is the bundle map : A^L — t- EndE defined by 

R^ih,l2) = Vi.Vi, - - V[i,,y, V h,l2 e T{L). 

Since E is an A-module, its restriction to a'^A vanishes. Hence the curvature induces a 
section i?^ G T {A* ^ A-^ (giEnd E) or, equivalently, a bundle map R^^ : A(^{L/A) Endi^ 
given by 

R^{a;q{l)) =R^{a,l) = VaVi-ViVa-V[,^i], \/a e T{A),l e T{L). (3) 

The L-connection V is compatible with the A-module structure of E if and only if R^ = 0. 

Theorem 16. (a) The section R^ of A* ^ A^ (g) EndE' is a 1-cocycle for the Lie 
algebroid A with values in the A-module A-^ Endii^. We call R^ the Atiyah 
cocycle associated with the L-connection V that extends the A-module structure of 
E. 

(b) The cohomology class a^; G H^{A; A-^ (S>EndE) of the cocycle R^ does not depend 
on the choice of L-connection extending the A-action and is called the Atiyah class 
of the A-module E. 

(c) The Atiyah class oe of E vanishes if and only if there exists an A-compatible 
L-connection on E. 

Proof. We use the symbol d"^ to denote the covariant differential associated to the action 
of the Lie algebroid A on A-^ End E. 

(a) The differential Bianchi identity states that R^ : A^L — )• End£^ is identically zero. 
Thus, for any ai,a2 G r(A), / G r(L), we have 

0={d^R^){ai,a2,l) 

=VaAR^{a2, 1)) - Va,{R^{ai, I)) + Vi{R^{ai,a2)) 

- R^i[ai,a2],l) + i?^([ai, /], aa) - R^{[a2, l],ai) 
=Va, (i?I(a2; q{l))) - Va, (i?I(ai; 

- i2l([ai, aa]; q{l)) - R^{a2; VaMl)) + R^{ai;VaMl)) 
{Rl{a2; q{l))) - Rl (aa; V„,g(0)^ 

- (Va,(iil(ai;g(/))) -i?|(ai;Va,(z(/))) -i?I([ai,a2];g(0) 
= {d^Rl){ar,a2;q{l)). 

Therefore d^R\_= 0. 



(b) By Lemma 12, if and are two L-connections that extend the j4-action, then 



V,^ - = 4>{l) for some (j) G T{A^ ® EndL;), and 



Rl'{a-q{l))-e-Rl\a-q{l))-e 



Va{m ■ e) - HI) ■ i^^ae) - H[a,l])e 
{dU){a;l)-e. 



So Rl' - rI^ = 



(c) It is clear that R^ vanishes if and only if V is yl-compatible. Now, if R^ = d^(j) for 
some 4> G r(^-'- (8) End£^), set V' = V — Then R^' = 0, which implies that V' is 
A-compatible. □ 
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Remark 17. When the Lie pair (L, A) is a matched pair of Lie algebroids, i.e. L = Atx\ B, 
our definition of Atiyah class is a special case of the Atiyah class of a dDG algebra developed 



by Calaque and Van den Bergh Hence in the matched pair case, Theorem 16 (a)-(b) 
is a consequence of Lemma 8.2.4 in |12) . 

Example 18. Let X be a complex manifold and E a holomorphic vector bundle over X. 
Then A = T^'^ and B = T]^ form a matched pair of Lie algebroids and L = A \xi B is 
isomorphic to Tx(8>C. Moreover E is an A-module [29j. It is simple to see that holomorphic 
Tx -connections on E are equivalent to L-connections on E compatible with the A-action 



(as well as to A-compatible B-connections on E — see Remark 15). In this case, the 
Atiyah cocycle is exactly the Dolbeault 1-cocycle TZ defined by Equation 

Example 19. A holomorphic Lie algebroid K over a complex manifold X yields a matched 
pair of complex Lie algebroids (T^'^, K^'^) |29] . The Atiyah class of the T^^ -module K^'^ 
is the Atiyah class for K studied extensively by Calaque and Van den Bergh in [12j. 

Example 20. In |35], Molino introduced an Atiyah class for connections "transversal to a 
foliation," which measures the obstruction to their "projectability." Although not phrased 
in the language of Lie algebroids, his construction is a special case of ours. Here L is the 
tangent bundle Tm, A is the tangent bundle to a foliation T of M, and the A-module E 
is a vector bundle on M foliated over T . A transversal connection is an L-connection on 
E which extends the A-action. It is said to be projectable precisely if it is A-compatible, 
i.e. if it is preserved by parallel transport along any path tangent to T . 

Example 21. Let q be a Lie subalgebra of a Lie algebra d. Given an Q-module E (i.e. 
a Lie algebra morphism A : g — t- FiudE), and a d-connection on E extending it (i.e. a 
linear map L : c) — )■ End£' whose restriction to g is A), the Atiyah class is the element in 
the Chevalley-Eilenberg cohomology group H^{q; ^ End(-E)) determined by d^L. (The 
symbol denotes the Chevalley-Eilenberg coboundary ofd* ^'End{E)-valued Q-cochains.) 
Here L is considered as an element in d*0'End{E), which is, in general, not in g-^0'End{E). 
Hence, in general, d^L does not vanish in H^{g; g"*" (8) End(£')). 



The following example is due to Calaque-Caldararu-Tu |10) . 
Example 22. Consider the Lie algebra 5(2(C) and its standard basis 



We have 



-1/' \0 0/' 11 



[e,f] = h, [h,e] = 2e, [h,f] = -2f. 

Together, the matrices h and e generate the Lie subalgebra g of 2 x 2 traceless upper 
triangular matrices. We identify the quotient s[2(C)/g to the nilpotent Lie subalgebra 
n generated by f. Note that g and n form a matched pair of Lie algebras with sum 
g ® n = s[2(C). The bilinear map : n (8) n — )• n dehned by 9(f, f) = f is a generator 
of the one-dimensional g-module g"*" End(n) = Hom(n n, n). The action of g on 
Hom(n(8 n, n) is given by h-6 = 26 and e-9 = 0. One checks that the degree 1 cohomology 
H^{g; g"*" ^ End(n)) is a one-dimensional vector space generated by the Atiyah class of 
the g-module n. 



2.3. Functoriality. Let M and be smooth manifolds, / : — t- M be a smooth map, 
A be a Lie algebroid over M with anchor p : A TM, and £' be a smooth vector bundle 
over M. 
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Let f*E denote the pullback of E through /, i.e. the fibered product of N and E over M: 

f*E ^E 



N ^M. 

f 

If the anchor p and the differential of / are transversal (i.e. /^.{TN) + p{A) = TM\n), we 
can consider the fibered product f*A of TN and A over TM: 

rA — ^A 

p 

Y Y 

TN ^ TM. 

f* 

Note that p and f^, are automatically transversal when / is a surjective submersion or when 
the Lie algebroid A is transitive. It is clear that f*A is a vector bundle over N. However, 
note that f'^A ^ f*A. The fiber of f*A over a point n E is 

= {{x,a) eTnNBA | (x) = p{a) ] . 

The Lie algebroid structure on A induces a Lie algebroid structure on f*A — )• N] its anchor 
is the projection f*A — t- TN and its bracket is given by 

[(xi, ai), (x2, 02)] = {[xi,X2], [ai, 02]), 

for any xi,X2 G X{N) and 01,02 G T[A) such that = p{ai) and f*{x2) = p{a2) (see 

P] for details). 

Proposition 23. Let A he a Lie algebroid over M and f : N ^ M a smooth map whose 
differential /* : TN — )• TM is transversal to the anchor of A. Then 

(a) If E is a module over A, then f*E is a module over f*A. 

(b) The map f induces a natural homomorphism 

f^ :H'{A;E)^H'{f*A-J*E). 

Proof. The first assertion is easily proved if one thinks of Lie algebroid modules in terms 
of horizontal lifting. The second assertion follows from a direct verification. □ 

The following proposition is immediate. 

Proposition 24. // (L, A) is a Lie pair over M, and f : N ^ M a smooth map whose 
differential /* : TN — )■ TM is transversal to the anchor of A, then {f*L, f*A) is a Lie pair 
over N. 

Given a Lie pair (L, A) over a smooth manifold M and a smooth map f : N ^ M whose 
differential f^, : TN — )• TM is transversal to the anchor of A (otherwise f*A and f*L could 
be singular), there is a canonical morphism of vector bundles f*L — t- f*{L/A) over N: 

f*L 3 (Xn, 0/(„)) ^ af^n) + ^f(n) G /* 

whose kernel is exactly f*A. In other words, we have an exact sequence of vector bundles 

0^ f*A^ f*L^ f*{L/A). 
Therefore f*L/ f*A can be seen as a vector subbundle of f*(L/A). 
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Lemma 25. Under the hypothesis of Proposition \24\ the inclusion 



intertwines the f* A-module structures of (f* L) / {f* A) and f*(L/A). 




Dualizing it, as a consequence, we obtain the epimorphism of vector bundles 



which is a morphism of /*yl-modules. Note that, when / is a surjective submersion, I is 
surjective and thus both I and are isomorphisms of /*A-modules. 

We are now ready to state the main result in this subsection. 

Theorem 26. Let (L, A) be a Lie pair over M, and f : N ^ M a smooth map whose 
differential /* : TN — )• TM is transversal to the anchor of A. Assume that E is an 
A-module. Then the composition of homomorphisms 



{A; A-^ End E) A {f*A; f* {A^ ® End E)) ^ {f*A; (/M)^ ® End(/*-E)) 



maps the Atiyah class of E relative to the Lie pair {L,A) onto the Atiyah class of f*E 
relative to the Lie pair {f*L, f*A): 



2.4. Scalar Atiyah classes and Todd class. Let {L, A) be a Lie pair. We define the 
scalar Atiyah classes [3j of an ^-module E by 



induced by the composition in Endi? and the wedge product in A*A . 

If E is a holomorphic vector bundle over a compact Kahler manifold X, the natural inclu- 
sion of H^{X,il^) into H'^^{X,C) maps the scalar Atiyah classes of E relative to the Lie 
pair (L = Tx ^C,A = T-^ ) to the Chern classes of E. 

The Todd class of the ^-module E relative to the Lie pair (L, A) is the cohomology class 



(/"I" o f^){aE) = af*E- 




Here denotes the image of a^; (8" • • • (8" a^; under the natural map 



H\A;A-^ (g) End E) x ••• x H^{A; A-^ (g)End E) ^ H''{A; A^A-^ (g)End E) 




The following propositions can be verified directly. 



Proposition 27. Let {L,A) be a Lie pair and let Ei, E2 be A-modules. Then 

Td{Ei e E2) = TdEi- TdE2 
Proposition 28. Under the hypothesis of Theorem\26[ we have 



CuifE) = (/t o /t)(cfci?) G H'^itA- A^f^A)^) 
Td{f*E) = (/to/t)(Tdi^) G H'{f*A-A'{rA)^) 



2.5. Jet short exact sequence. 
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2.5.1. The jet bundle ^l^^^E- Let M be a smooth manifold, let L — )■ M be a Lie algebroid, 
and let M be a vector bundle. 

An L-jet (of order 1) on E (at Cx € E) is a linear map L^i^^,^-^ Te^E such that the 
diagram 

(f> 

-^7r(e^) ^ Te^E 





commutes. The jet space ^\E is the manifold whose points are L-jets on E. It is a vector 

bundle over X: the projection ^\E — t- M maps ^77(62;) ^ "Ee^E to Tr{ex)- It fits into the 
short exact sequence of vector bundles over M: 

^ L*(S)E — ^ ^lE E ^ 0. (4) 

The surjection g maps L^(^^^^ E(,^E to Cx while the injection / maps Lx Ex to 
Lx^TxM®Ex^n^E. 

Proposition 29. A splitting s : E ^ c^l^ short exact sequence of vector bundles 

^ determines a (linear) L-connection on E. The converse is also true. 

In general, there is no canonical choice of splitting for (Q. However, the induced short 
exact sequence 

^r{L* ^E)^^T{^lE)^^T{E) ^0 (5) 

at the level of spaces of smooth sections splits canonically: if e is a section of E, then 
ae := o p is a section of ^j^E such that g<^{(je) = e. 

We note that the covariant differential : T{E) — )• T{L* E) associated to a splitting 
s : E ^ ^\E of the short exact sequence (|4| is given by 

/^((i^e) = (je-Stt(e), Ve G r(^). 

Now assume A is a Lie subalgebroid of L and E is an ^-module. The symbol h will denote 
the horizontal lifting associated to the ^-action on E. 

An /i-extending L-jet (of order 1) on is a linear map i>7r(e^) E(.^E such that the 
diagram 

\/l(-iea;) 





commutes. The jet space ^^jj^E is the manifold whose points are /i-extending L-jets on 

E. It is a vector bundle over M: the projection ^j^ij^E — )■ M maps L^(^g_^^ T^^E to 
7r{ex). 
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Example 30. When E is a holomorphic vector bundle over a complex manifold X, A = 
T^^ and L = Tx (8> C, the jet bundle ^l/j^E is simply the bundle of jets (of order 1) of 
holomorphic sections of E. 



Consider the surjective morphism of vector bundles g : ^l^j^^E — t- E, which maps -/^7r(e^) 
Te^E to Sx- Since Tq^E is canonically isomorphic to T^M © E^, the kernel of g can be 
identified naturally to the subbundle K oi L* E ^ M consisting of all linear maps 



Ex which satisfy 

HO'x,0x) = p{ax) + tp{ax 



\fx e M,ax e Ax 



Since the ^-connection h on E is linear, h{ax,Ox) must be the image of p{ax) under the 

r mc 

A-^ (8) E. Hence we obtain the 



differential of the zero section M ^ E. Therefore, a linear map Lx Ex is an element 
of K if and only if ip{ax) = for all ax G A, so that K 
short exact sequence of vector bundles 







A^®E- 



f 



E- 



0, 



(6) 



where the injection / maps Lx — > Ex to the jet 



TnE 



TxM< 



lx ^ P{lx) +'4'{lx)- 



In general, there is no canonical choice of splitting for ([g]). 

Proposition 31. A splitting s : E ^ c^l/a^ of the short exact sequence of vector bundles 
^ determines a (linear) L-connection on E extending the A-action h. The converse is 
also true. 



Obviously, we have the commutative diagram with exact rows 



A^®E 



f 



L* ®E 



'I/aE 



'IE 



E 



id 



E 



0, 



all of whose vertical arrows denote inclusions. 



2.5.2. An equivalent description of the jet bundle. 

Proposition 32. An L-jet (of order 1) on E extending the A-action V is a pair {Dx,ex) 
consisting of a linear map Dx : T{E*) — )■ L* and a point Cx in the fiber of E over x G M, 
satisfying 

{Dx{e),ax) = {Va^e,ex) (or equivalently Dx{e) = (d^e,e^)); (7) 
Dxife) = fix) ■ Dx{e) + (e., e.) • p*{df), (8) 
for all ax G Ax, e G T{E*), and f £ C°°(M). 

Proof. Given such a pair (Dx,ex), each lx € Lx determines uniquely a tangent vector 
Tx S Te^E through the relations 

Tx{7r*f) = p{lx)f = {p*{df),lx) and t,(/,) = {Dxie)Jx), 

where e G T{E*), f G C°°{M), and fs G C°°{E) is the fiberwise linear function associated 
to £: 

fe{(^x) — {^xi^x)- 
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Let (pD : Lx ^ T^^E be the map Ix Tx- Clearly, (/)d is linear and satisfies vr* o c^^i = p. 
Moreover, 0o is an extension of the ^-action since 

{4'D{ax)){fs) = {Dx{e),ax) = (Va,e,e^) = h{ax,ex){fe)- 

Here we have made use of Equation ([T]). Hence (p^ G {c^l/A^) x ^^^"^ 9{4'd) = ^x- Con- 
versely, given an element (j) : Lx ^ T^^E of (^2/A'^)x ^^^^ projects to under we can 
define a linear map ot '■ T{E*) — )• Lx by the relation 

{Dt{e),lx) = mx)){fe). 

It is straightforward to check that {ot, ex ) satisfies ([7| and (|8]). □ 

Remark 33. The surjection g : ^j^jji^E E in ^ maps the 1-jet {Dx,ex) to Cx- The 
injection f in ([6| maps ijj G {A-^ ® E)x to ("01:, 0^) G ic^L/A-^) x' ^^^^^ zero 
vector of Ex and ipx : T{E*) — )• L* is the linear map defined by 

{iPl{e),lx) = {ex,Hlx)), yix G Lx,e& T{E*). 
Here ip is considered as a linear map Lx — >• Ex whose kernel contains Ax- 



2.5.3. The jet bundle is an A-module. The jet bundle ^l^^E can be naturally endowed 
with an A-action. 



In the language of Proposition 32 a section of ^l/j^E — )■ M consists of a section e of 
E ^ M and an M-linear map DTT{E*) T{L*) satisfying 

{D{e),a) = {Vae,e); 
D{fe) = f-D{e) + {e,e)-p*{df), 

for all / G C°°(M), e G r(^*), and a G T{A). 

Proposition 34. (a) The jet bundle ^l^j^E is a module over A; the covariant deriv- 
ative 

T{A) X r(XM^) ^ n/l/AE) 

is given by VaiD, e) = (Va-D, Vac), where the M-linear map VaD : T{E*) — t- T{L*) 
is defined as follows: 

{{VaD)ie),l) = p{a){D{e),l) - {D{Vae),l) - {Die), [a,l]). (9) 
(b) Diagram ^ is a short exact sequence of A-modules. 



Proof, (a) Checking that ^ determines a connection is straightforward. The flatness of 
the ^-connection on ^l^j^E is a consequence of the flatness of the A-connection on E. 

(b) By definition, § is a morphism of ^-modules. Let us check that / is also a morphism 
of ^-modules. For any ip G r(74-'- E), we have 

{{Vai^^){e),l) = p{a){^He),l) - (V'^lV^e), /) - {i^\e), [a, /]) 

= p(a)(0(/), e) - V„e) - (V([a, l\),e) = ((V,7^)(0, e) = ((V„0)^(e), 0- □ 



16 



2.5.4. Alternative description of the A-action on ^£^^^E. In this section, B will denote 
the quotient L/A of the Lie pair {L,A). 

The proof of the following lemma is a tedious computation, which we omit. 

Lemma 35. The splitting a : T{E) — t- T{^j^E) of the short exact sequence (jsj is not 
C°°{M) -linear. For every e £ T{E) and f £ C°°{M), we have 

a{f-e)-f-ae = fi{p*{df)^e). 

In general, ae need not be a section of ^^^^E. Nevertheless, fixing a splitting of the short 
exact sequence of vector bundles 

*-yl^^L— ^0 , 

i.e. a pair of maps j : i? — )• L and p : L ^ A such that q o j = ids, p o i = id^ and 
iop-\-joq = id^: 

i q 
n - — ^ A - — ^ T, - — ^ R - — ^ n , 

p j 

naturally determines a splitting <f : T{E) — )• T(^^^^E) of the short exact sequence of 
spaces of smooth sections 

— . r{A^ ^E)^ n/i,AE) — nE) — - 

induced by (j6|. The image of x G M under the section qe of ^j^jj^E associated to a section 
e of by the splitting is the 1-jet 

Lx 3 Ix ^^^^ h{p{lx),ex) + e^x{p ° 3° q{lx)) G Te^E. 
It is not difficult to see that 5j(?e) = e. 

The proof of the following lemma is a tedious computation, which we omit. 

Lemma 36. The splitting ? : T{E) — )- T^J^j^jj^E) is not C°°{M) -linear. For every e G 
T{E) and f £ C°^{M), we have 

?(/ • e) - / • ?e = /s ((/ ^ p{j o q{l))f) ^ e) . 

Since both E and A-^ are modules over A, so is A-^ ^ E: 

{VaiX (E) e), /) = pia) (A(/)) • e - A([a, /]) • e + A(/) • V^e, 
where a £ r{A), X £ r{A^), e £ r{E), and / £ r(L). 

Remark 37. If ^^^^E was an A-module and f : A-^ ^ E ^ ^l/aE ^ morphism of 
A-niodules, then tedious computations would yield 

?(V/.ae) - Vf.ai^e) = f ■ (?(Vae) - Vai^e)) + /()((/ ^ p{j o q{l))f ) » V^e) 

and 

?(Va(/ • e)) - V,(^(/ ■e))=f- (c^(V,e) - V„(^e)) + /j ((/ ^ p{i o p[j o q{l), a])f) ® e) , 

for any a £ T{A), e £ T{E), and f £ C°^{M). Therefore, one cannot expect to define an 
A-action on the jet bundle ^l^j^E simply by setting 

Va(/B(A®e)) =/tt(V,(A$De)); 
Va(?e) = ?(Vae). 

The proof of the following Lemma is a tedious computation, which we omit. 



17 



Lemma 38. Given a G T{A) and e G T{E), define 0(o, e) G T{A-^ E) by the relation 

(e(a, e), /) = Viop[joq{i),a]e, V/ G r(L). 

Then, for any f G C°°(M), 

e(/ ■a,e)-f- G(a, e) = {l ^ p{j o q{l))f) ® V„e; 
e(a,/-e)-/-G(a,e) = {l ^ p{i o p[j o q{l) , a]) f) 6. 

This suggests the followmg proposition. 

Proposition 39. (a) The jet bundle ^l/j^E M is an A-module: the flat A- 
connection on ^l/j^E is given by 

Va(/B(A®e)) =/j(Va(A®e)) (10) 
V„(^e) = ?(V„e)-/s(e(a,e)), (11) 

for all a G T{A), X G T{A-^), and e G r{E). Here e(a, e) G r{A-^ (g) E) is defined 
by 

(e(a, e),l) = Vpyog(0,a]e, G r(L). 

(b) Diagram ^ is a short exact sequence of A-modules. 



Sketch of proof, (a) It follows from Lemmas 36 and 38 that what we have defined is indeed 



a covariant derivative. Flatness follows from the Jacobi identity in T{L) and the flatness 
of the ^-connections on E and A-^ ® E. 

(b) It suffices to check that g is a morphism of A-modules. We have 



5«(Va(?e)) =5«(?(V„e)) -5«/«(e(a,e)) = Vae = Va(5«(?e)). 



□ 



Remark 40. For a matched pair L = A tx\ B, observe that 0(a, e) G T{B* (g) E) is given 
by the simple formula {@{a, e), b) = VAjaC 



Proposition 41. The A-actions on ^l^j^^E defined in Propositions 34 



and 



39 



are identical. 



Proof. The M-linear map : T{E*) — )• T{L*) determined by the section (;e of ^^jj^E 



M (as explained in the proof of Proposition 32 ) satisfies 

(D^^(e),a) = (Vae,e); 

{D^-{elj{b)) = {,e{m)){fe) = {e.o p[m)){fe) = p{m){ 

for all e G r(^), e G T{E*), a G T{A), and b G r(B). The image of D"^^ under the action 
of a G T{A) is the M-hnear map VaZ)^'' : r(£;*) T{L*) defined by ([9|. We have 

((V,,D^^)(£),a) 

= p(a')(Z)^'=(£),a) - (I?^^(V,.e),a) - (Z^^'^(e), [a', a]) 
= P(a )(Vae,e) - (VaVa/e,e) - {"^ y ,a]£ , e) 
= p{a'){Vae,e) - {Va'Vae,e) 
= {Vae,Va'e) 
= (D«(^«'^)(e),a) 
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and 

((V,,Z)^^)(£),j(6)) 

= p{a'){D^^ie),jib)) - {D^%V,>e),j{b)) - {D^\e\ [a', 
= p{a')p{j{h)){E,e) - p{j{b)){Va'e,e) 

-{D^-{e),-p[j(b),a']+jiVa'b)) 
= p{a')p{j{b)) (e, e) - p{j{b)) p{a'){e, e) + p{j{b)) {e, V,,e) 

+ (Vpy(6),a']e, e) - p(i(V„/6)) (e, e) 
= piia', e) + {e, V,,e) + a'])(e, e) 

- Vpy(b)y]e) - p{j{Va'b)) (e, e) 
= /5(i(^))(^^>Va/e) - {e,Vp[j^f,),a']e) 
= {D<^^'^\e),jib)) - {{eia',e))\e),j{b)). 
Therefore, we obtain 

V,,I)^^ = Z?^(^«'^)- (e(a^e))^ 
which is equivalent to Equation (11). □ 

2.5.5. The abelian category A. It is classical a result that the space T{A) of smooth sec- 
tions of a Lie algebroid A over a smooth manifold M is a Lie-Rinehart algebra over the 
commutative ring C°°(M) \20\ 138). We denote the (abelian) category of modules over this 
Lie-Rinehart algebra by the symbol A. Alternatively, the objects of A can be seen as left 
modules over the universal enveloping algebra V({A) of the Lie algebroid A. The space of 
smooth sections of an j4-module, i.e. a vector bundle over M endowed with an ^-action, 
is an object of A. 

We note that the derived category of A, which we denote by D{A), is a symmetric monoidal 
category [2Tj . The interchange isomorphism T:X^Y^Y^Xoia pair of objects X 
and Y of D{A) is given by 

r(x® y) = (-l)l^ll2^ly(»x. (12) 

2.5.6. Extension class of the jet sequence. A short exact sequence of yl-modules 

P Q R (13) 

determines an extension class in the group Ext^ (i2,P), which is naturally isomorphic to 
the Lie algebroid cohomology group H^{A; R* P) |20) . 

Indeed, given a homomorphism of vector bundles s : R^ Q such that /3os = id^, we have 

Stt(Var) - Va(ss(r)) G ker/3, Va G r(^),r G T{R) 
so that the equation 

s^iVar) - Va{si{r)) = aj(6(a) • r) (14) 
defines a vector bundle map '■ A ^ Hom(i?, P). Rewriting ( [l4| ) as 

(idR, ®a) o = (15) 

and recalling that a : P ^ Q is a morphism of ^-modules, we immediately see that 

(idR* 0a) o = d^{{idR, (»a) o = d^{d^s) = 0. 

Therefore d'^^s = 0, i.e. is a 1-cocycle for the Lie algebroid A with values in the A-module 
R* (g) P. It follows from Equation (15) that the cohomology class [S^g] S H^{A; R* (gi P) of 
the 1-cocycle defined by (14) is independent of the choice of the section s : R ^ Q. In 
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fact, [^s] is the extension class in Ext^{R, P) = H^{A; R* ^ P) of the short exact sequence 
of ^-modules (13). 



Proposition 42. Given a Lie pair {L^A) and an A-module E, let V denote the L- 
connection on E determined by a section s : E ^ ^^^^E of the short exact sequence 

When considered as sections of A*(E>A-^ ^End E, the bundle maps ■ ^ ^ Hom(i?, A-^0E) 
and Pb^ : A(i^^{L/A) — )■ Endi? (respectively defined by (14) and ^) are one and the same. 



(16) 



by (14), 



by (10) and (11). 



Proof. Define (P : r{E) r{A-^ E) by 

/jj((Fe) = ?e - sj(e). 
Then, for all 6 G B, we have {(P e,j{h)) = V jQ^-^e. 
For all a G '^{A)^ and e G r(£'), we have 
/tt(6(a) • e) 

= Stt(Vae) - Va(Sjje) 

= (?(Vae) - hd^{Vae)) - (V,(?e) - V e)) by 
= /tt(e(a,e) + V„(d^e) - (F(Vae)) 
Hence, for all h £ ^{B), we get 
(6(a) -6,^(6)) 

= {e{a,e) + Va{d^e)-d^{Vae),j{b)) 

= Vp[,(;,),,]e + V,(fFe,j(&)) - (d^eJiVab)) - {d^ {V ^e) , j (b)) 
= ^p[j{b),a]e + VaVj(fe)e - Vj(v„fe)e - Vj(^Vae 

= VaVj(6)e - Vj(b)Vae - Vj(v„fe)+p[aj(b)]e 

= VaVj(fc)e - Vj-(b)Vae - V[„j(fc)]e 
= R^{a,jib))e 
= -R^(a; 6) • e. 

This proves that ^ = R^. 

Corollary 43. Let (L, A) be a Lie pair, and E an A-module. 

(a) A section s : E ^ ^^^^j^E of the short exact sequence ^ is a morphism of A- 
modules if and only if the L-connection it induces on E is compatible with the 
A-action on E. 

(b) The short exact sequence of A-modules ([6| splits if and only if the Atiyah class ue 
vanishes. 

Theorem 44. Let (L, A) be a Lie pair, and E an A-module. The natural isomorphism 

F.^t\{E,A^ ®E) ^ H^{A;A^ ®^ndE) 

maps the extension class of the short exact sequence of A-modules ([6| to the Atiyah class 
ofE. 

We refer the reader to |12[ Lemma 8.2.4] for a related result regarding the Atiyah class of 



□ 



dDG algebras, which correspond to the matched pair case as pointed out in Remark 17 
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3. LeibniZoo algebras 

In this section, we will explore the rich algebraic structures underlying the Atiyah class 
of a Lie pair. As we will see in the subsequent discussion, the adequate framework is the 
notion of LeibniZoo algebras. Loday's LeibniZoo algebras [30J are a natural generalization 
of Stasheff's Lqq algebras \28\ I27|. where the (skew-)symmetry requirement is dropped. 

Throughout this section, we implicitly identify objects of A to complexes in A concentrated 
in degree 0. Moreover, we make frequent use of the shifting functor: the shift V[k] of a 
graded vector space V = 0^ Vn is determined by the rule = Vfc_|_„. 



We defer most proofs to Section 3.5 



3.1. Atiyah class as Lie algebra object. Recall that a Lie algebra object in a monoidal 
category C is an object A of C together with a morphism A E Home (A ^,-^) such that 
A o r = — A (skew-symmetry) and 

A o (id (g) A) = A o ( A (g) id) + A o (id A) o (r (g) id) ( Jacobi identity) , 

where r:A(g)A— )-A(g)Ais the braiding isomorphism. 

Let {L,A) be a Lie pair with quotient B = L/A. Note that 

Hom^,(^)(i? » B, B[l]) ^ Hom^,(^)(i?[-l] B[-l], B[-l]), 

since a chain map B (E) B ^ B[l] is equivalent to a map B[—l] B[—l] ^ modulo 
a shift. Being an element of 

Ext\{B,B* B) ^ Ext\{B0B,B) ^ Hom£,i,(^)(5 (g B[l]) ^ 

Hom^,(^)(B[-l]0B[-l],i?[-l]), 

the Atiyah class of the A- module B defines a "Lie bracket" on 1]. If, moreover, E 
is an ^-module, its Atiyah class 

OE e Ex.t\{E,B* 0E) ^ Ext\{B (S) E,E) ^ Rom^t^^-^{B[-l] (S) E[-l], E[-l]) 

defines a "representation" on 1] of the "Lie algebra" 1]. 

Theorem 45. Let {L,A) be a Lie pair with quotient B = L/A. Then B[—l] is a Lie 
algebra object in the derived category D^{A). Moreover, if E is an A-module, then E[—l\ 
is a module object over the Lie algebra object B[—l\ in the derived category D^{A). 

Remark 46. From the skew-symmetric property of a Lie algebra, it follows that the 
Atiyah class as can indeed be considered as an element in H^{A,S'^B* (g B), or more 
precisely, in the image of the map H^{A, B* (gEndS) —?- H^{A, S'^B* (S>B) induced by the 
A-modules morphism S'^B* B ^ B* B* B{^ B* End B). 

Remark 47. It is implicitly stated in |22j (see also j39l ETjj that, if X is a complex 
manifold, then Tx[—1] is a Lie algebra object in the derived category D'^{X) of bounded 
below complexes of sheaves of Ox -modules with coherent cohomology. This is simply 



Theorem 



45 



in the special case where L = Tx (g C and A = T^ 



,0,1 



3.2. Jacobi identity up to homotopy. Let {L,A) be a Lie pair and E an ^-module. 
The quotient B = L/A is naturally an ^-module (see Proposition Q . 

Consider the graded vector spaces V = 0^^o r(A"A* (g B) and W = ^^^q r(A"A* (g E), 
and the covariant differentials 

: r( A' A*0B) ^ r( A*+^ A* (g B) 

-.Tl A* A* ^E) A*+^ A* E) 
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associated to the ^-actions on B and E, respectively. Choosing an L-connection V on 
L/A extending the ^-action, we obtain the bundle maps R2 : B B ^ Hom(A, i?) and 
S2 : B ® E ^ Hom(A, E) given by 

A3a^^^^^Rl{a-M)h2^B, (17) 
^9a^^^i?l(a;6)ee^, (18) 

where : A® B ^ End B and i?^ : A® B ^ End E denote the Atiyah cocycles of B 
and E. 

Theorem 48. Up to homotopies, the complex {V[—l],d^) is a differential graded Lie 
algebra and the complex (W[—l\,d^) is a differential graded module over it. The Lie 
algebra bracket 

v[-i]®v[-i] 4 v[-i\ 

and the representation 

v[-i]®w[-i] A w[-i] 

are given by 

A((6 ® hi) ® (6 ® 62)) = {-if Hi A 6 A R2{hi. 62) 

and 

®h)® (6 » e)) = {-if Hi A 6 A 52(6, e), 
where ii G r(A^M*), ^2 G r(A'=2^*), biM,b e T{B), and e E T{E). 

Consequently, the cohomology @^-^^H'-^{A;E) = H'{W[-l\,d'^) is a module over the 
(graded) Lie algebra 0.>i H'~^{A,B) = H'{V[-l],d'^). 

In Section [3.4[ we will describe a result which keeps track of higher homotopies. 

3.3. Leibnizoo[l] algebras. Recall that a graded Leibniz algebra is a Z-graded vector 

space V = ® Vk equipped with a bilinear bracket V (^V ^ ' ^> V of degree satisfying 
the graded Leibniz rule 

[x,[y,z]] = [[x,y],z] + (-l)NI^I[y,[x,z]], 
for all homogeneous elements x,y, z £ V. 

If, moreover, V is endowed with a differential 5 of degree 1 satisfying 

6[x,y] = [5x,y] + {-lp+^[x,5y] 

for all homogeneous elements x,y £ V, then we say that {V, [—,—], S) is a differential graded 
Leibniz algebra. Here V[n] denotes the shifted graded vector space: (l^[re])fc = Vn+k- 

Definition 49. A Leibnizoo[l] algebra is a Z-graded vector space V = endowed 
with a sequence {Xk)'kLi 0/ multilinear maps : ^'^V V of degree 1 satisfying the 
identity 



J2 Yl ,^^fc-i)(-l)l''''«l+l''''(^'l+'''+l'''^(^-^>l 

K-j+i{va{i)r ■ ■ ,v„(k_j),Xj{v„{^k+i-j)r ■ ■ ,v„(k-i),Vk),Vk+i, - ■ ■ ,Vn) =0 (19) 
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for each n G N and for any homogeneous vectors vi,V2, . . . ,Vn G V. Here denotes 
the set of {k — j,j — l)-shufftes^ and e(cr; fi, • • • , denotes the Koszul sigr^ of the 

permutation a of the (homogeneous) vectors vi,V2, ■ ■ ■ , ffc-i- 

Remark 50. If all are zero except for Ai, {V, Xi) is simply a cochain complex. If 
Xk = (k > 3), then {V[— 1], [—,—], d) is a graded differential Leibniz algebra, where 
[x,y] = {-l)\''\X2{x,y), and d = Ai. 

Remark 51. A graded vector space V is a Leibnizoo[l\ algebra if and only if the shifted 
graded vector space V[—\\ is a Leibnizoo algebra in the sense of Loday jJl HS]. Working 
with Leibnizoo [1] algebras rather than Leibnizoo algebras is convenient as all maps in the 
sequence {Xk)]^^i have the same degree in this setting. 

Definition 52. A module over a Leibnizoo[l] algebra V is a Z-graded vector space W = 
®nez together with a sequence {fJ'k)kLi of multilinear maps 

of degree 1 satisfying the identity 

l^i^fc^n-lo-gei-l 

k-J 

lJ'n-j + l{Vcr{l), - ■ ■ ,Va{k-j)Aj{v„f^k+l~j), - ■ ■ , Va{k-l), Vk) , Vk+1, ■ ' ' ,Vn-l,w) 

+ E ^ e(a;^;i,--- ,i;„_i)(-l)l^-(i)l+lM2)l+-+lMn-.)l 

Mn-j+l('y<7(l), • • • ,Vcr{n-j), ^J-jiVain+l-j), - ■ ■ ,Va{n-l),w)) =0 

for each n G N and for any homogeneous vectors vi,V2, • • • , fn-i G V md w G W . 

Remark 53. A graded vector space W is a module over a LeibniZoo\^\ algebra V if and 
only ifV®W is a Leibnizoo[^] algebra such that V is a LeibniZoo[^] subalgebra [26]. 

The proof of the next proposition is a direct verification, which we omit. 

Proposition 54. // (V, (A/t)^-)^) is a LeibniZoo[l] algebra, then {V, Ai) is a cochain complex 
and its cohomology H*(V)[—1] is a graded Leibniz algebra with bracket H{X2), the image 
0/A2 (seen as a chain map) under the cohomology functor. Moreover, if {W, {fik)'kLi} 
module over (V, {Xk)'^i), then [W, ^i) is a cochain complex and H{ji2) is a representation 
ofH*{V)[-l] on the cohomology H*{W)[-l\ of{W,^ii). 

3.4. Main theorem. Unless we state otherwise, we assume throughout this section that 
(L, A) is a Lie pair and E is an A-module. The quotient B = L/Ais naturally an ^-module 
(see Proposition |4| . We use the symbol to denote the covariant differential 

: r( A* A* » {0*B*) A*+^ A* {0*B*) E) 



1. A (fc — j,j — l)-shuffle is a permutation a of the set {1, 2, ■ • ■ , fc — 1} such that (7(1) ^ cr(2) ^ • • ■ 
a{k-j) and - j + 1) sC cr(A; - j + 2) ^ • • • a{k - 1). 

2. The Koszul sign of a permutation a of the (homogeneous) vectors ui, U2, . . . , u„ is determined by the 
relation 11^(2) • • • u<t{7i) = £('7; m, ■ • ■ ,v„) ■ vi Q V2 Q ■ ■ ■ Q Vn. 
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associated to the A-action on (0*3*) E. In particular, for any bundle map jj, : (a'^^) ^ 
{(gi'-B) — ^ B, we have 

(d^^j) (ao A • • • A Ofc; 61 • • • 6/) = 

k 

^(-1)^ {Va, {fiia.; h^---0 bi)) - fi{a^; Va,{h ® • • • ® k)) } 

i=0 

+ ^(-1)^+V([ai, aj] Aa-.;bi^---0 k), 

i<j 

where stands for ag A • • • A cTj A • • • A and for A • • • A cTj A • • • A (T,- A • • • A , and 
Va,(6i (g) • • • (g) 6i) for X]5=i 61 «> • • • Va,6j 6/. 

3.4.1. The operator . Now choose an extension of the ^d-action on E to an L-connection 
V on E, an extension of the A- action on B to an L-connection V on and a splitting of 
the short exact sequence of vector bundles 

^ A L B ^ , (20) 

i.e. a pair of maps j : B ^ L and p : L ^ A such that q o j = ids, p o i = id^ and 
iop + joq = id^: 

i Q 

n - — ^ A - — ^ - — ^ R - — ^ n . 
p 3 

This splitting determines the map 

V{B) X r(^) ^ T{A) : {b,a)^p[j{b),i{a)\, 

which we will denote by A since it satisfies the relations 

A/fea = /AfoO and Afc(/a) = {p*df,j{b))a + fA^a, 

for all / G C°°(M), 6 G r(S), and a G r(^). In some sense, B "acts" on A. 

Identifying sections of A*^* (g) {(S>*B*)(g) E with bundle maps A*A(g){(S^*B) —?- E, we define 

a differential operator 

: r(AM* {(E)*B*) (S)E)^ r(AM* ® ((g*+^S*) ® 

by 

(-i)%j(a^^) = v,(,„).. 

or, more precisely, 

{-l)''{d^uj){ai,--- ,ak;bo,--- M) = ^ j{ho){^{ai,- ■ ■ ,ak;bi,--- ,bi)) 

- ^{Abotti, • • • , afc; 61, • • • ,bi) u}{ai, ■■■ , Abottk; 61, • • • ,6;) 

-uj{ai,--- ,ak;Vj{bo)bi, - ■ ■ ,bi) uj{ai,--- ,ak;bi,--- ,Vj(bo)bi), 

where ai, • • • , G r(A), 60, • • • ,k ^ r(5), and : a''^ (g) ((g>'5) E. 

Note that 9^ depends on the choice of the L-connections extending the ^d-actions and the 
splitting j : B ^ L of the short exact sequence (20), while does not. 



The chosen splitting of (|20|) does also determine three vector bundle maps 
given by 



a:A^B-^A, ^ : A^B B, and Q : a'^ B End B 



a{bi,b2) = p[jibi),j{b2)] 
/?(&!, ^2) = Vj(fej)62 - Vj(;,2)6i - q[j{bi),j{b2)] 
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and 

Proposition 55. For any a G r{A) and 61,62 G r(i?), we have 

i?l(a; 61)62 (a; 62)61 = (Va/3) (61, 62) 

or, equivalently, 

i?2(6i, 62) - i22(62, 61) = (61, 62). 

Proof. For convenience, we set 6 = j(6), V6 € r(i?). Hence [a, 6] = — A{,a + Va6 and 

[6~i, 62] = a(6i, 62) + - - /3(6^2)- 

A straightforward computation yields tlie equality 

g([[a,6'i],62] + [[61, 6^2], a] + [[62, a], 61]) 

= Rl{a- 62)61 - Rl{a- 61)62 + Va(/3(6i, 62)) - PiVahM) - /3(6i, V„62). 
The result follows from the Jacobi identity in the Lie algebroid L. □ 

Note that, since R"^ is (by its very definition) independent of the choice of the splitting, 



Proposition 55 asserts that, unlike /3, d^fi does not depend on the choice of splitting. 



3.4.2. The maps Rn- Recall the bundle map R2 : B ® B ^ Hom(A, B) associated to the 



Atiyah cocycle of B given by (17). Since B is an A-module, we can substitute B for E in 



the definitions of and above and define a sequence of bundle maps 

Rn : ^ Hom(^, B) 

inductively by the relation 

Rn+i = Rn, for n >2. 

Hence, we have 

-Rn+i(6o ® 61 «) • • • ® 6„) = Rn{Vj(bo)ibi ^■■■(S> hn)) - Vj(bo){Rn{bi (E)---(E) bn)). 

Example 56. Let L = A \>i\ B he a matched pair of Lie algebras. Any bilinear map 
^ : B ® B ^ B determines an L-connection V on B extending its A-module structure 
(and conversely): Vfe^62 = 7(61, 62). Taking 7 = 0, the Atiyah cocycle reads R^{a; 61)62 = 
Vvi,^a62. Hence 

Rnibl,b2,b3, ■■■ ,bn) = Vv(,^_^ V6^_2 - Vt^ (-) • 



3.4.3. Leibnizoo[l] algebra (and modules) arising from a Lie pair. Consider the sequence of 
fc-ary operations Afc : V (k £ N) on the graded vector space V = 0^o-'^('^"^* ® 

B) defined by Ai = and, for k > 2, 

Afc(6 ® 61, • • • , a ® 6fc) = (-l)l«il+-+l«^l^i A • • • A ^fc A Rk{bi, • • • , bk), (21) 

where 61, . . . , 6^ S T{B) and Cii • • • ;^A; ^re homogeneous elements of r(A*j4*). 

Theorem 57. When endowed with the sequence of multibrackets {Xk)keN defined above, 
the graded vector space V = ^'^=qT{A^A* (8) B) becomes a Leibnizoo[l] algebra. 



25 



Similarly, we can introduce the bundle map S2 : B ® E ^ Yioia{A, E) given by 

A3 a^^^^ Rl{a-h) ■ e e E, 

where i?^ : B ^ End E denotes the Atiyah cocycle of the ^-module E, and then 
define a sequence of bundle maps 

Sn ■■ ®E^ Hom(^, E) 

inductively by the relation 

Sn+i = Sn, for n > 2. 

This leads to the graded vector space W = ^(A'^A* (8) E) and the sequence of fc-ary 

brackets /ifc : {(g)^-'^V) (g)W (keN) defined by fii = and, for k > 2, 

f^ki^i^h,--- ,^k-i^bk-i;^k^e) = A • • • A Cfe A ^^(61, • • • ,6fc-i;e), 

where 61, ... , G T{B), e € T{E), and ^1, . • • , Cfc ^-I'e homogeneous elements of r(A*yl*). 

Theorem 58. When endowed with the sequence of multibrackets {fik)keN defined above, 
the graded vector space W = ®^=Q^i^"'A* E) becomes a Leibnizoo[l] module over the 
Leibmzoo[l] algebra {V, {\k)ken) ■ 

Example 59. A Lie bialgebra (0,0*) is a matched pair of Lie algebras. Therefore, it 



induces two Lie pairs: (g ixi 0*,0) and (0 cxi 0*,g*). It follows from Example 56 and 
Theorem 



57 that both 0„>o A"0* (g) 0* and 0„>o A"0 (g are Leibnizoo[l] algebras. 



Let ^ be a Lie algebroid over a manifold M. By an A-algebra, we mean a bundle (of 
finite or infinite rank) of associative algebras C over M, which is an ^-module, and on 
which T{A) acts by derivations. For a commutative A-algebra C, the sequence of maps 
(Afc)fceN extends in a natural way to the graded space ^^=q^{^"A* B Similarly, 
the sequence of maps {fik)keN extends to the graded space r(A"A* <^ E (^C). 

Theorem 60. Let (L, A) be a Lie pair with quotient B, and let C be a commutative A- 
algebra. When endowed with the sequence of multibrackets [Xk)k&], the graded vector space 
T (a* A* B 0C) becomes a Leibnizoo[l] algebra. Moreover, if E is an A-module, the graded 
vector space T (a* A* (i^E(i^C)[—l] becomes a Leibnizoo[l] module over the Leibnizoo[^] algebra 
r(AM* ®5®C)[-1]. 

As an immediate consequence, we have the following 

Corollary 61. Under the same hypothesis as in Theoremlm ^^y^ W~'^{A, B C) IS a 



graded Lie algebra and ®j>i E ®C) a module over it. 

Example 62. Let be a Lie subalgebra of a Lie algebra c) as in Example\21\ Assume that 
C is a commutative Q-algebra. 

Every linear map Z : t) — )■ End(t)/0) that extends the Q-module structure Q — t- End(i)/0) 
induces a 2-ary bracket on A*^"'^0* 5/0 (8> C: 

[^i(S)bi(S)ci,C2(E)b2(S)C2] = (-l)!^'!^ A^f^ {d^L){-;bi) -62^0102, (22) 

which in turn induces a (graded) Lie algebra bracket on the Chevalley-Eilenberg coho- 
mology ^H'^^{g;d/g C). Here Cgi fej (8> Q (i = 1,2) are cocycles with ^1,^2 G A*0*, 
61, 62 G 3/0 and C\,C2 G C. 

Moreover, if E is a Q-module, every linear map M : t) — t- End E that extends the Q-module 
structure q — t- End E gives rise to a bilinear map 

i^i b (S) ci) > {C2 (E) e (g> C2) = (-1)'^''6 A6 O {d^M){-;b) ■e(g)CiC2, 
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which induces a representation on ^ H'^^{q; E(^C) of the graded Lie algebra ^ H*~^[q; t) 
C). Here (g) 6 (gi ci and ^2 ® e (g) C2 are cocycles with ^1,^2 £ A'g*, b e d/g, e e E and 
Ci, C2 G C. 

Taice a complement f} of g m t) so that we can write = g © [). Tiieu c)/g cau be identified 
with P), ou which the \:)-action is given by a ■ h = pT^[a, h]. Take L : d ^ Endf) to be the 
trivial extension of the Q-module structure g — >■ Endf), i.e. set = 0. Then the 2-ary 
bracket in Equation (22) is given by 

where / G A^g [), g e A'^g — ^ f), ci, C2 G C, and [f,g] G A^+'^^-'^g — > {) is given by 

[/,9](ao,oi, • • • = 

- X] sgn(cr)pr(,[prg[a^(o),/(a^(i),--- , a<7(p))], 5(aa(p+i), • • • ,a„(p+q))], 

where is the set of all permutations a of {0, 1, • • • ,p + q} satisfying cr(l) < • • • < cr{p) 

and a{p + 1) < • • • < a{p + q). 

Remark 63. It is natural to ask how the LeibniZoo[l] algebra structure obtained in The- 
orem 57 and the LeibniZoo[l] module structure in Theorem 58 depend on the choice of 



connections and the splitting data. This question will be investigated somewhere else. 



3.4.4. Loo rather than Leibnizoo. 

Theorem 64. Let (A, B) be a matched pair of Lie algebroids with direct sum L = Atxi B. 
Assume there exists a flat torsion free B-connection on B. Then the maps Rn defined 
above are totally symmetric, the multibrackets : V (k & fi) defined earlier 

on the graded vector space V = ^^=QT{f\^A* g) B) are graded symmetric, and V[—l\ is 
actually an L^o algebra. 



The following example is due to Camille Laurent-Gengoux. 

Example 65. Tiie general Lie algebra g[„(C) decomposes as the direct sum of the unitary 
Lie algebra u„ and the Lie algebra tn of upper triangular matrices with real diagonal 
coefficients. Both u„ and are isotropic with respect to the natural nondegenerate ad- 
invariant inner product Xigy 1— t- im ( ti{XY)^ on g[„(C). Hence (11^, t„) is a matched pair 
of Lie algebras as well as a Lie bialgebra. Matrix multiplication being associative, setting 
VxY = XY for any X, y G defines a fiat torsion free i^-connection on i^. It follows 
from Theorem [64| that r(A*< g) tn)[-l] = r(A'tn g) t„)[-l] is an Loo algebra. 
Example 66 (Kapranov). Suppose X is a Kahler manifold. The complexification V'^ of 
its Levi-Civita connection is a Tx g> C-connectioii on Tx g> C Set A = T-^ and B = T^' . 
TJieii {A, B) is a matched pair of Lie algebroids, whose direct sum A\xi B is isomorphic, as 
a Lie algebroid, to Tx^C It is easy to see that V*^ induces a Eat torsion free B-connection 
on B. In this context, the tensors Rn G fi*^'^ ( Hom((g"r, T)) (where T stands for T^^) 
are the curvature R2 G n^'^iEndT) ^ ri°'2(Hom(T (g T,r)) and its higher covariant 
derivatives: Ri+i = Ri. Applying Theorem\6^ we recover a result of Kapranov [22] ; 

Corollary 67 (Kapranov). The shifted Dolbeault complex ^1^'*^^{T) of a Kahler manifold 
is an Loo algebra. The n-th multibracket 

Xn : n^'^'iT) g) • • • g) J7°'^"(r) ^ 0°'-?i+-+-?"+i(T) 

is the composition of the wedge product 

s70.il (T) • • . n^'^"{T) ^ o°'Ji+-+J"(®"r) 
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with the map 

associated to Rn G ( Hom((g)"T, T)) m the obvious way. 

3.5. Proofs. This section is devoted to the proofs of the theorems claimed in Section |3j 
For convenience, we set b = j{b), Mb G r(5). 

3.5.1. Atiyah class as Lie algebra object. 

Lemma 68. For any 01,02 G r(A) and b G r(i?), we have 

[AfeOi, 02] + [oi, A;,02] - Afe[ai, 02] = Av„^fea2 - Av^^feOi- 

Proof. We have 

ai],02] + [[01,02], 6] + [[02, 6], 01]) 

=p\p[b, oi] +g[6,oi],02] -p[b, [01,02]] +p[p[a2,b] + g[a2,6],oi] 

= [p[6, ai],02] - p[q[ai,b],a2] - p[b, [01,02]] + [oi,p[6, 02]] + p[g[o2, 6], oi] 
= [A5ai, 02] - Av„^fe02 - Ab[oi, 02] + [oi, Ab02] + Av^^fcOi- 
The result follows from the Jacobi identity in the Lie algebroid L. □ 

Note that a bundle map oj : (A^^) (g) {®^B) — )• E determines a bundle map 
{®^B*) (8) E and vice versa. 

Lemma 69. For any bundle map uj : (A^A) ((SD'-B) — )• E, any oq, . • • , Ofc G r(^) and any 
bo, . . . ,bi G r(i?), we have 

i-l)^ {d^d^oj + d^d^oj) (00, ■■■ ,ak;bo,...,bi) 

k 

= (v,,V^,(1J(o,)) - V,~V.,(t7(o,)) - V[„^^,~,(1J(o,)) 61 g 

i=0 

A: r « 

= ^{-'^y I Re{(^u bo) ■ uj{ai;bo) - ^u}{ai;bi, ■ ■ ■ ,i?^(oi;6o) • bj, ■ 
i=o [ j=l 

where Oj stands for oq A • • • A Oi_i A o^+i A • • • A o^ and bo for 61 (X" • • • ^ 



.bi) 



Sketch of proof. The first equality follows from a cumbersome computation at the last step 
of which use is made of Lemma [68j The second equality is immediate. □ 

Given fi G T{{a''^A*)(^{(S)^^B*)(^B), v G V{{A^^ A*)®{®^^B*)®B), and arbitrary sections 
61, . . . , 6/^ , 6']^, . . . , 6^^ of B, we can consider the bundle map 

[/i(6i, • • • , 6._i, i^(6'i, • • • , 6y , 6i+i, • • • , : A^-^^^A ^ B, 
which maps oi A • • • A Ofc^+fcj to 



^ sgn(cr)/i(o<^(i),--- ,a^(fci);6i,--- ,6i-i. 
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In particular, if /u = ai (g) u and i/ = 02 /32 (X" f with ai G r(A^M*), Q2 G r(A^2^*)^ 
/3i G r((g)'i5*), /32 G r((g)'2 5*), and n,u G r(B), then 

/3i(6i,-- - • • • ,6;J/32(b'i, • • • ■ ("1 -^"2) (Xiti- 

Corollary 70. For any n > 2 and bo, . . . ,bn G r(i?), we have 

- {{d^d"^ +d^d^)Rn){bor-- ,bn) = \R2{bo,Rn{bi,--- ,M)J 

n 



Proof. Apply Lemma 69 to u; = Rn- O 



Corollary 71. For any 60, ^1)^2 G r(S), t/;e /laue 

- (9^i?3)(60,6l,?>2) = \R2{bo,R2{bub2))\ + [i?2(i?2(6o, 61), 62)] 

+ \R2{bi,R2{bo,b2))\ . 



Proof. Since (9^i?2 = and R2 = R3, taking n = 2 in Corollary |70| yields the result. □ 



Sketch of proof of Theorem \45\ The interchange isomorphism r : 1] — t- 

B[-l] is the image in D{A) of the chain map r : B[-l] (g) B[-l] B[-l] (g) B[-l] 
given by T{bi (8) 62) = —^2 <^ bi, V6i,62 G -B — the negative sign is due to 1] be- 
ing a complex concentrated in degree 1, see Equation ( |12[ ). Recall that R2 is a cocy- 
cle (w.r.t. 9^). Its cohomology class as, the Atiyah class of B, can be seen as an ele- 
ment of Hom£)+(_4)(i?[— 1] B[—1],B[—1]). Proposition [55] implies the equality ob o t = 
—aB in Hom^+(_4)(i?[— 1] B[—1],B[—1]). Corollary 1711 implies that the Jacobi identity 
Ob ° (id(g>aB) = aB o (a_B id) + ob ° (id^aB) o (t (g) id) holds in D^{A). Indeed, each 
of the terms [• • -J can be interpreted as a Yoneda product, a composition of morphisms in 
the derived category. □ 

3.5.2. Jacobi identity up to homotopy. Consider the cochain complex IJjS"^), where 
the graded vector space V = 0feLo given by Vfc = r{A''A*(g,B) so that, if ^ G r(A'=^*) 
and b G T{B), then ^ (g> b e (^[-1])^^^. 

Lemma 72. The graded linear map A : 1] i?) 1] — ?• ^[—1] given by 

X{vi ^ V2) = (-l)'^^^ A ^2 A i?2(6l, 62) 
for any f 1 = ^1 (8) 61 G l])fci+i and V2 = ^2 b2 ^ {^[~M)k2+i a chain map. 

Proof. A straightforward computation yields 

(5^ o A - A o 9^) {vi ^ V2) = A 6 A (a^ii2) (61, 62). 



The result follows from d^R2 = (see Theorem 16 and the definition (17) of i?2)- 



Now, consider the interchange isomorphism r : 1] (g) y[— 1] — t- V^[— 1] (8) 1] given by 

t{vi (g) V2) = (-l)l''lll^2|^2 ^ Vl. 
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Lemma 73. The chain map A is skew- symmetric up to a homotopy: 
where the graded map : 1] ® ^[—1] — ^ is given by 

for any f 1 = ^1 (g) 61 G and V2=(,2<^b2 & (^[-l])fc2+i- 

Proof. Straightforward computations yield 

(A + A o t){vi ^ V2) = (-l)'^^^ A 6 A {R2{bi,b2) - i?2(62, 61)} 

and 

{d^oQ + QodA){vi^V2) = (-l)"^^?! A6A{(a^/3)(6i,62)} 
The result follows from Proposition |55| 

Lemma 74. The chain map A satisfies the Jacobi identity up to a homotopy: 

-A o (id (8)A) + A o (A (g) id) + A o (id (8)A) o (r (g) id) = o H + H o 5a, 
where the graded map H : 1] (8) ^[—1] <8> ^[—1] — ^ is given by 

Eivo ^vi^ V2) = (-l)'=o+'=2Co A 6 A 6 A Rsibo, biM) 
for any Vi= ^i^bi G (y[-l])fc.+i with i G {0, 1, 2}. 

Proof. Straightforward computations yield 

(Ao(id^A))(t;o(»vi^f2) = (-i)''^eoAei Ae2 A ri?2(feo,^2(6i,&2))j , 

(A o (A ^ id)) {vo ^vi^ V2) = -(-I)''! Co A a A 6 A \R2iR2{bo, hi), 62)] , 
(Ao (id(8)A) o (r(8>id))(?;o ®ui (8)^2) = -(-l)'''Co A A 6 A \ R2ibi, R2{bo,b2))\ 

and 

(a^ o e + e o dA){vo ^vi^ V2) = Co A 6 A 6 A { (d^Ra) {bo, 61, 62)} . 

The result follows from Corollary |71[ 



Theorem 48 immediately follows from Lemmas 72 , 73 and 74 



Note that Theorem H8] could also be seen as a corollary of Theorems 57 and 58 



3.5.3. Leibnizoo[l] algebra (and modules) arising from a Lie pair. 

Lemma 75. For any n > 3 and 6i, . . . , 6„ are arbitrary sections of B, we have 



{d^Rn){bu...,bn)= E E E 



i+j=n+l k=j o-eS-?"^. 
i>2 
i>2 

\Ri{ba{l)r ■ ■ ,ba{k-j)jRj{bcr(k+l-j)r ■ ■ , ^<j(fc-l) , ^fc) , , " ' ' )^n)J 
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Proof. We reason by induction. The formula holds for n = 3 by Corollary 71 Assuming 
the formula holds for n = N, we get 



N 



{d^d''RN){bo,...M) = {^boid''RN)){bi,...,bM)= E E E 



i+j=N k=j CTser^. 

J>2 



I |'-Ri+i(^o, • • • ,bcT{k-j), Rj{K{k+i-j), ■ ■ ■ ,ba-(k-i),bk),bk+i, - ■ ■ ,bn)\ 



Observing that 



and recalling Corollary 70 it is easy to check that the desired formula holds for n = N +1 
as well. □ 

Lemma 76. For any bundle map uj : (A^A) {(^''B) — )• B and any 6i, . . . , 6/ € r(i?), we 

have 



d^{tj{bu bi)) - {d^uj) {b,,...,bi) = {-!)'' ^ [a;(fei, ...,d%,---, &0j ■ 

j=0 



Proof. For any uq, . . . ,ak € r(^), we have 



d^{tJ{bi,...,bi)) - {d^u){bi,...,bi) 



Oo A • • • A afc 



I k 



j=0 



□ 



Proof of Theorem 57 We only need to check that the generalized Leibniz identity (19) 
holds. Since Ai =d^ and (d^)'^ = 0, Equation (19) is obviously true for n = 1. Let n > 2 



and Vi = ^i(^bie r(AP'^* B) for alH G {1, . . . , n}. The l.h.s. of (19) is 



J2 E ,^^fc-i)(-l)l''''«l+l''''(^'l+'''+l'''^(^-^>l 

An-j + l(fa{l), • • • ^j{Vcr{k+l-j), - ■ ■ ,Va{k-l),Vk),Vk+l, - ■ ■ , ^n) • 



fc-j 



31 



Separating the terms involving Ai (aka d^) from the others, it can be rewritten as 



d^{X4vi,--- ,vn))+ E E E ,6-i)(-l) 



?'<t(1)H ^Pcy(k-j) 



i+j=n+l k=j o-ge-?"^. 
i>2 



i>2 

'^j(^(T(l)> • ■ ■ ) ^cr(A;-i)) -^j(^^CT(fc+l-j)> • ■ ■ :'"(T(A:-l)i''^A:),'yfe+li'" ^^n) 

n 

+ E(-ir^'"^'''"'^-(^i' • • • ' ^k-i, id^^k) ^bk + (-ira {d'^bk),vk+u ■■■ ,vn) 

k=l 



and then, using the definition (21) of each in terms of the corresponding Rf^, as 
5^((-ir+-+^"a A • • • A e„ A Rnih, • • • , 6„)) 

+ E E E '^fc-l)^<T(l)^---^?a(yfc-l) A^fcA--- A^„A 

["-Ri (^f7(i) ) ■ • • ,b„(^f,-j), RjiK{k+i-j)r ■ ■ iK{k-i)^h),bk+i, - ■ ■ ,bn)\ 

n 

+ E(-l)''"'"^'"-''^'"^''"6 A • • • A a-1 A A a+1 A • • • A A i?„,(6i, • • • , 6„) 



fc=l 



+ ECl A--- A^n A - ,bn)\ , 

k=l 

which simpHfies to 

n 

eiA---AenA{5^(i2„(6i,--- E E E 

i+j=n+l k=j o-e6?"^. 
i>2 *=-J 
i>2 

\Ri{bcr{l)r ■ ■ ■:ba{k-j)-,Rj{ba{k+l-j)-, - ■ ■ 1 ^<T(fc-l)> ^/c)) ^fc+l, • • • ,^n)J 

n 

+ Y,\Rn{bi,--- ,dHkr-- ,MJ }• 

/c=l 

The result now follows from Lemmas 1751 and [76l □ 



The proof of Theorem 58 Theorem 60 and Corollary [61] goes along the same line mutatis 
mutandis. 



3.5.4. Loo rather than Leibnizoo- 

Lemma 77. For any 60,61,62 € ^{B), we have 

Rz{boMM) - R^{biMM) = R2{KboM)M) - {d^^){boM) -bi- 

Proof. The differential Bianchi identity R^ = holds for the curvature ii^ : A^L — >■ 
Ends of the L-connection V on i? extending the ^-action. Hence, for any a E r(j4) and 
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bo, bi,b2 € r(i?), we have 

={d^R^){a,bo,bi) 
=Va{R^(bo,h)) - V~^^{R^{a,h))+V~^^{R^{a,bo)) 

- R^{[a,bo]M) + R^{[aM]M) - R^{\boM],a) 
=Va{R^{bo,h))-Vi^^{R^{aM))+V~^^{R^{a,bo)) 

- R^ivJoM) + R^{A,,a,h) + R^{vX,bo) - i?^(A,,a, 60) 

- R^ (a(6o , 61 ) , a) - i?^ ( , a) + i?^ ( , a) + i?^ ) , a) 

and thus 

0={(fR^){a,bo,bi)-b2 
= {d^Rl) (a; 60, 61) • 62 - (S^iiE) (a; 61, 60) • 62 - i?E (a, /3(6o, ^i)) • 62 
+ Va(i?^(6o, 5i)) • 62 - i?^ {yJoM) ■b2-R^ (60, VA) • 62 
or, equivalently, 

= i?3(6o,fci,&2)-^3(^i,6o,62)-i?2(/3(6o,&i),M + {d'^^){bo,bi)-b2. □ 
Lemma 78. For any a G r(^) anc? bo, bi € r(i?), we have 

[a{bo,bi),a] + a(Va6o,6i) + a{bo,Vabi) = AfcgAb^a - Ab-^A;,„a - A a. 

g[bo,bi] 

Proof. We have 

p{[bi, [bo, a]] + [bo, [a, bi]] + [a, [61, 60]]) 
=p[bi,p[bo,a\] +p[bo,p[a,bi]] + p[a,p[bi,bo]] 

+ p[bi,q[bo,a]] + p[bo,q[a,bi]] + p[a, q[bi,bo]] 

=A6jAfeoa - AfcoAfo^a + p[a,a(6i,6o)] +p[Va6o,6i] +p[bo,Vabi] + p[q\bo,bi],a] 
=A6j AftoO - AfegAb^a + [a{bo, 61), a] + a(Va6o, ^1) + a{bo, Vabi) + A -:r-:r a. 

q[bo,bi] 

The result follows from the Jacobi identity in L. □ 
Lemma 79. For any n > 2, a £ T(A) and 60, 61, . . . , 6n S r(i?), u;e /ia?;e 
ii„+i(a; bo, 61, 62, • • • , 6n) - Rn+i{a; bi,bo, 62, • • • , &«) = 

n 

n{bo,bi) ■ Rn-i{a; 62, • • • ,^n) - ^ (a; 62, • • • ,0(6o,6i) • • • • 

i=2 

n 

+ Va(6o,fci) {Rn-i{a; b2, - • • , bn)) — ^ i2„_i(a; 62, • • • 1 VQ,(fep_5^)6j, • • • , 6„) 

i=2 

- i?ri-i([a(&o,^i),a] + a{Vabo,bi) + a(&o, Va6i); 62, • • • , ^n) 

+ ii„(a;/3(6o,&i),62,--- ,&n)- 

Sketch of proof . Straightforward computation at the last step of which use is made of 
Lemma [78l □ 
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Proposition 80. Let L = A ixi B be a matched pair of Lie algebroids endowed with a 
flat torsion free B-connection on B. (These data determine a splitting of the short exact 
sequence of vector bundles 0— )-L— )-0 and an L-connection on B extending the 
A-action such that the three associated bundle maps a, (3, and are trivial.) Then each 
Rn ■ &^B — )• Hom(^, B) is totally symmetric in its n arguments. 



Proof. It follows from Proposition |55| and Lemma 77 that R2 and are invariant under 



the permutation of their first two arguments. By Lemma 79, the same property holds for 
all higher Rn. Moreover, it is easy to see that, if Rn is symmetric in its n arguments, 
then Rn+i is symmetric in its last n arguments since Rn+i = Rn- The result follows by 
induction. □ 



Theorem 64 which says that 1] is an Loo-algebra when the assumptions of Proposi- 



tion 80 are satisfied, is an immediate consequence of Proposition 80 and Theorem 57 
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